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AIMS AND SCOPE

Engineering Today is an international peer-reviewed scientific journal that publishes original papers, both
theoretical and experimental, covering the whole spectrum of engineering sciences, but focusing mostly
on mechanical, electrical and civil engineering. The primary objective is to provide a high-level platform for
researchers and practitioners to disseminate theoretical or engineering-oriented research output achieve-
ments within the context of engineering systems that fosters knowledge sharing in different branches of
engineering discipline.

Engineering Today also publishes novel theoretical methods, algorithms, simulations, experiments, and
case studies as applications of state-of-the-art research in the field of engineering.
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It provides an effective medium for researchers and a way to quickly publish high-quality original papers,
so as to convey the latest important progress in their professional field to scientists in related disciplines.
Engineering Today offers authors rigorous peer review, rapid publication, and maximum visibility. The jour-
nal expects to accept only the most relevant manuscripts and will provide very rapid evaluation to prevent
publication delays. The Editors reserve the right to reject papers without sending them out for review.

From time to time, Engineering Today will publish review articles, short communications, discussions as
well as special issues on a specific sub-field of engineering science. Authors are encouraged to contact the
Editor-in-Chief if they would like to submit a review article or propose and edit a special issue of the journal.
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ABSTRACT

Free vibration of eccentrically stepped beams with one step change in cross-section is considered. It is assumed that
the longitudinal symmetry axes of the beam segments are translationally shifted along the vertical direction with
respect to each other. The effect of that arrangement of the segments on the coupling of axial and bending vibrations
of the stepped beam is analyzed. The beam segments are modeled in the frame of the Euler-Bernoulli theory of elastic
beams. Two numerical examples are presented.

KEYWORDS

Stepped beam, Step eccentricity, Axial-bending coupling, Euler-Bernoulli theory, Natural frequency, Free vibration

1. INTRODUCTION

Stepped beams often appear as an integral part of various devices and structures in mechanical and civil engineering.
That is why the buckling and vibration analysis of stepped beams is extremely important for engineering practice.
Despite the large number of papers published in connection with this problem (see e.g. [1-22]), this field of scientific
research is still actual with intensive development and generation of new scientific problems. In the available litera-
ture, there are mainly references dealing with homogeneous stepped beams. Also, tapered beams can be modeled
as stepped beams in a manner described in [23, 24]. In the recent years stepped beams made of functionally graded
materials represent an actual research field due to special mechanical characteristics of this kind of materials [25-271].
Decoupled axial and bending vibrations are mainly considered for stepped beams. However, often these two types
of vibrations can be coupled. The reason for this may be, for example, the shape of cross-section of beams [28, 29],
rigid bodies eccentrically attached to the stepped beams [23, 30-33], angled-beam joints in the frame structures [31,
34] and the compliant mechanisms [35], varying material characteristics of beam segments through their thickness
direction [36] as well as mutual eccentric positions of longitudinal symmetry axes of stepped beams segments [22].

The last-mentioned cause of coupling is considered in this paper. In this sense, the objective of our paper is to extend
the approach described in [31, 33] to the case of Euler-Bernoulli eccentrically stepped beams with one step change
in cross-section. In the frame of the Euler-Bernoulli theory of elastic beams, to the authors’ best knowledge of the
literature, the appearance of axial-bending coupling effect in the case of this type of stepped beams was not consid-
ered.

© Faculty of Mechanical and Civil Engineering in Kraljevo. All rights reserved 7
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2. FORMULATION OF GOVERNING EQUATIONS

An eccentrically stepped beam of rectangular cross-section with one step discontinuity is shown in Figure 1. The
width and thicknesses of cross-sections of segments (S,) and (S, ) are denoted by b,(i=1,2) and h, (i=1,2), respec-
tively. In the undeformed configuration of the stepped beam, local stationary inertial coordinate frames
{x,,y,,zi}(i=1,2) are placed in the manner shown in Figure 1. Also, the longitudinal symmetry axes of segments
(S,) and (S,) are translationally shifted in the vertical direction by an amount e . The quantities ; (z;,t)(i =1,2) and
w; (z,. ,t)(i = 1,2) represent the axial and transverse displacements, respectively, of any point of the neutral axes of the
beam segments. The material and geometric characteristics of segments (S,) and (S,) are: E, is the modulus of
elasticity, IX(,.) is the cross-sectional area moment of inertia about axis x,, A is the cross-sectional area, p, is the mass
density, and L, is the length of the i-th beam segment. The partial differential equations of bending and axial free
vibrations of segments (51) and (52) are as follows [37, 38]:
o'w,(z,,t o'w,(z,,t
W), Pz
i x(i) 624 i atz

1

=0, i=12, (M

’u;(z;,t) ’u;(z;,t) )
EA -pA pve =0, i=12. ()

[ azz

!

Based on the method of separation of variables [37, 38], the displacements u;(z,,t)(i=12) and w,(z,,t)(i=12) can
be written as:

w,(z,,t)=W(z,)T(t), u(z.t)=U(z)T(t), 3)
where U, (z,)(i=12) and W,(z,)(i=1,2) are the mode shapes in free axial and bending vibrations, respectively, and

T(t)=e"‘”, i=J=1 , and ® is the natural angular frequency of vibration of the stepped beam.

E,A, Ly
(Sl) < b‘ >
| A
Z, uI(Zh t) Ey Ay I‘“Z' 4P_| !
_®" SIS B B —I'_'_'_i_' !
% 7 ; e x o2, |
w,(z,, t) X’e—g"]—"n;(j';t)—'—--]-—-— ----- « --—.B:!_@_._. 1,
wv(z t) P |5 X, eI o
Y LI S A 77 =
) g ) i ioYs v
Z L o :
LY L i

CROSS-SECTION P-P
Figure 1: Stepped Euler-Bernoulli beam

Introducing (3) into (1) and (2) yields:

d*w,(z,
dz,-E )_k:‘VVi(zi):O' =12, X
2
d*T(t)

where:

o', p'="Lo’, i=12 (7)

8 S. Salini¢ et al.
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Based on (7), the following relation can be established:

Combining (7) and (8) with the following expressions:

/
x() 2
k :k, p = k ,
k k A

yields:

El oA El .o
k2=4 Tx(1)/2 2k’ p, = 1 x(1) zkz,
El A EAp,

El

COZ — x(1) k4
PA
Introducing now the following dimensionless quantities:
R W(lz _ U(Lz, j
Z:%’ VV"(E"):¥’ Ui(Zi): (_I), d_

1d

L d Udz

Engineering Today

the equations (4) and (5) as well as the relations (9) and (10) can be written in the following dimensionless forms:

o
IWIZ) o (z )0, i=12,

(13)

(17)

are the dimensionless frequency coefficient and the dimensionless natural angular frequency, respectively. General

solutions of the equations (13) and (14) are given as follows [37, 38]:
U,(z,)=Cycos(pz,)+Cy sin(pz;), i

where C;,...,Cy;) are integration constants.

3. BOUNDARY CONDITIONS AND THE FREQUENCY EQUATION

3.1. Boundary conditions at the left end of the stepped beam

For the clamped left end of the considered stepped beam the following boundary conditions hold:

U (0)=0, W(0)=0, —(0)=
1(0) (0) iz (0)
whereas for the pinned left end one has:
- d*w,
0,0)=0. W(0)=0, “2:(0)-

FMCE Kraljevo

W, (z,)=C,, cos(kz, )+ Cy, sin(kz, ) +C,, cosh(kz, ) +C,, sinh(kz, ), i

1,2,

(18)

(19)
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[1] Introducing C, =[C1(1)... CGU)JT as a vector of integration constants corresponding to segment (51) and putting
(18) and (19) into (20) and (21) yields the following matrix relation:
C, =T,.C, (22)

where for the clamped end one has:

|
—
o
- O O O O o

and for the pinned one:

(24)

O O O O —= O
o O - O O O
- O O O O O©

3.2. Boundary conditions at the junction of the segments

In order to establish corresponding continuity conditions at the junction of the stepped beam segments, let us con-
sider an infinitesimal part of the stepped beam at the step location as it is depicted in Figure 2.

0+0

t(l)

£(1)
Fa(l) - M I e
;; f(2)

50

Figure 2: Free-body diagram of an infinitesimal part of the stepped beam at the junction of segments

Y

Here, F; and F, are the shear forces defined as [31, 33]:

da*w, d*w.
Foy=—El = (L=0), R =—El ,——(0+5), (25)
t(1) 17 x(1) dZ13 1 t(2) 2"x(2) dZ;

F.wy and F,,, are the axial forces given as [31, 33]:

du,

du,
Fao :E1A1d—z1(L1 =8),  Fu=EA iz, (0+9), (26)
and, finally, M, and My, are the bending moments defined as [31, 33]:
d*w, d’w,
Mf(1) = _Ellx(1) ?{(h _5)' Mf(z) = _Ezlx(z) dzzzz (0 + 5)‘ (27)

Taking the length ¢ approaches to zero yields the following continuity conditions at the level of forces and moments:

10 S. Salini¢ et al.
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d*w, d*W

o =For = ) =ren=(0). (28)
du, d

Fan =Fay © ==(ra)=7e7a=22(0), (29)

(1) (2) az, 11 EVa %z,

d*w, d*W, vy.&dU

M. =M, + F e —t =y L0 () LeZa® 9% (), 30
=M * T T (7u)=7e7 i (0)-75 dzz( ) (30)

where y,, =L /L and e =e/L.Also, at the level of displacements one has the following continuity conditions:

W1(L1):W2(0) And M71(7L1):W2(0)’ 31
RO T
d_Z1(L1)_ dz, (O) g dz, (7L1) z, (0)’ (32)
aw, = _dw, _
U1(L1)_ed_Z1(L1):U2 (0) = U](;/“)—GE(}/“)Z 2(0)‘ (33)

1

The continuity conditions (28)-(33) generate the following matrix relation:

T1LC1 = Tmcz (34)

;
where C, = [C1(2) Cé(z)] is the vector of integration constants corresponding to segment (S, ) and entries of the

matrix T, € R*® are:

sin(ky,)) —cos(ky,) sinh(ky,,) cosh(ky,) 0 0
0 0 0 0 —sin(tk?y,) cos(Tk?y.)
T —cos(kyy) —sin(kyL) cosh(kyp) sinh(ky;) 0 0 (35)
1 cos(kyy,) sin(kyy,) cosh(ky) sinh(kyy;) 0 0 '
—sin(ky,;) cos(kyy,) sinh(kyy;) cosh(kyy;) 0 0
ek sin(ky,,) —ékcos(ky,,) —eéksinh(ky,) —ékcosh(ky,) cos(Fk?y,) sin(Fk?y,,)]
and of the matrix T,z € R®*®:
4| vova)?
_ 4| rvpra)® YeYI 0 0
0 YEYI (YEYI ) 0 (YEYI )
0 0 0 0 0 VEVA\/ZP
VE
Tip = |~VeVs [0 0 vevi [24 0 o _revee [l (36)
7 YE
1 0 1 0 0 0
4’% 0 4 ’w 0 0
YEYI YEYI

0 0 0 0 1 0

Solving (34) for C, yields:
CZ = T1C1 (37)
where the matrix T; € R®*¢ is determined by:
T = T1;1T1L (38)

and represents the transfer matrix between the integration constants of segments (51) and (52 )

3.3. Boundary conditions at the right end of the stepped beam

In this section the following types of the right end of the stepped beam will be considered: free end, clamped end,
and pined end. The boundary conditions for free right end read:

FMCE Kraljevo 1
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du. d*w, d’w,
_22(7Lz):0' dfzzz( LZ)_O’ 07232(7@2):0' (39)
for clamped right end one has:
Uz(?’Lz):o' _z(VLz):O' dW2 (7L2):0' (40)
dEZ
and, finally, the corresponding boundary conditions for pinned right end are:
_ _ d’w,
U,(7,)=0, W,(r,)=0, ?222(;/[2):0, (41)
where y,, =L, /L=1-y,,.Introducing (18) and (19) into (39)-(41) yields the following matrix expression
Tzcz =0,, (42)

€ R* is a zero matrix and the matrix T, € R*® has the following entries:

where 0,
e freerightend
r 0 0 0
—cos | *|Tera ky,, | —sin Yolag 5| cosh|” Yo¥a ky,,
YEYI YEYI YEYI

— sin ( y—prZyLz) cos ( y—prZyLz)]
\/ YE \/ VE
(43)

0
i +|Yo¥A R
smh( Ay, 0 0 |
4 [YpYA T,
cosh( nyyI kyLz) 0 0 J
e clamped rightend
0 0 0
in ( *[124 EVLZ) cosh <4’%Eh2)
EVI

.

0 cos <\[£7’E2n2> sin <\/§7’E2n2)]
YE YE
sinh < Yo¥a kv, 0 0 (44)
YEYI
h (‘* /m k ) 0 0
€os yer: V12
e pinned rightend
r 0 0 0
4|YpYa - . +YpVa 4|YpYa -
cos , ky sin , ky cosh ky
YEYI L2 YEYI L2 YEYI L2
Tz =
4|YpYa - . +YpVa 4|YpYa -
—cos , ky —sin ky cosh ky
YEYI L2 YEYI L2 YEYI L2
S. Salini¢ et al.
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0 cos <\/7—pr_152n2) sin (\/EFEZVu)]
VE VE

sinh <4 Yo¥a EyLZ) 0 0

3.4. Derivation of the frequency equation

Substituting (22) and (37) into (42) implies a homogeneous system of equations for unknown components of the
vector C,. This equations system can be written in the matrix form as follows:

TC,=0,,, (46)
where T eR*>® represents overall transfer matrix given as:

T=T,TT,. (47)
Finally, the corresponding frequency equation for the problem analyzed reads:

f(/?) =detT=0. (48)

4. NUMERICAL EXAMPLES

In numerical calculations of this section, the stepped beam geometrical parameters given in [21] will be used as fol-
lows: h, =19.05mm, h, =549mm, b, =b, =25.4mm, L, =254mm, L, =140mm. Based on the theoretical consider-
ations given in Sections 2 and 3, the effect of eccentricity e on dimensionless natural angular frequencies of the
stepped beam for various combinations of materials of the beam segments is shown in Table 1.

Table 1: Values of the lowest four dimensionless natural angular frequencies for various combinations of materials
of beam segments

Boundary _ _ _ _ _
conditions Ve Yo ¢ “1 ©2 “s3 “a

C-F 1 1 0 491792 11.5118 41.2372 63.3360
(hi-h3)/2L 491721 11.5160 41.1452 63.2388

210/70 | 7800/2702 0 3.56078 12.7782 38.3359 684161

(hi-hy)/2L 3.55984 12.7772 38.0964 68.1344

210/200 | 7800/5700 0 437158 10.8834 38.1153 59.7993

(hi-h,)/2L 4.37092 10.8816 38.0313 59.6232

70/210 | 2702/7800 0 6.04735 10.2739 441409 58.7212

(hi-hy)/2L 6.04700 10.2732 44.1087 58.6712

200/210 | 5700/7800 0 5.47852 12.1880 44.2492 67.5286

(hi-h3)/2L 5.47778 12.1873 44.1545 67.4851

C-C 1 1 0 10.5456 41.6661 63.4959 126.956
(hi-h,)/2L 10.9146 42.6224 63.8636 127.547

210/70 | 7800/2702 0 12.1451 38.6258 68.5107 122.251

(hi-hy)/2L 12.2614 39.4791 68.6165 122.755

210/200 | 7800/5700 0 10.2694 38.5099 59.8737 117.221

(hi-h,)/2L 10.6321 39.2554 60.4155 117.596

70/210 | 2702/7800 0 9.36794 44.6403 58.9085 131.053

(hi-hy)/2L 9.73649 45.1417 59.3185 131.361

200/210 | 5700/7800 0 10.7400 44.6716 67.8257 135.238

(hi-h;)/2L 11.1144 45.8394 68.0187 136.001

C-P 1 1 0 8.48564 33.1612 55.5437 111.304
(hi-hy)/2L 9.03568 33.5446 56.4792 111.553

210/70 | 7800/2702 0 8.52040 32.2248 57.7435 110.564

(hi-hy)/2L 8.80366 32.7437 58.1751 110.898

210/200 | 7800/5700 0 8.11873 30.2376 53.2552 101.200

(hi-h;)/2L 8.65478 30.5024 54.2718 101.308

FMCE Kraljevo 13
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70/210 | 2702/7800 0 2.90797 33.6863 54.0219 110.938
(hi-h3)/2L 8.8912 33.7989 54.8195 111.008

200/210 | 5700/7800 0 8.77674 36.4176 57.7648 121.942
(hi-h)/2L 9.33593 36.9565 58.5750 122.396

P-P 1 1 0 3.58639 27.5587 45.8283 101.296
(hi-hJ)/2L 3.99912 28.4686 46.1990 102.027

210/70 | 7800/2702 0 4.97231 25.0462 50.0108 96.9531
(hi-hJ)/2L 5.08686 25.8629 50.1198 97.5953

210/200 | 7800/5700 0 3.53750 25.3954 43.2920 93.5887
(hi-h)/2L 3.93047 26.1356 43.7984 94.0675

70/210 | 2702/7800 0 2.29499 30.0517 42.0169 105.198
(hi-hy)/2L 2.83477 30.5298 424227 105.562

200/210 | 5700/7800 0 3.60704 29.7006 48.7503 108.041
(hi-hy)/2L 4.03779 30.7882 48.9768 109.005

The limit value e =(h, —hz)/(ZL) corresponds to the case of an eccentrically stepped beam with the flat bottom

surface. The influence of the eccentricity e on the lowest four dimensionless frequency coefficients is examined in

Figures 3,4, 5, and 6. At that, the values of € is taken from the interval 0.001<e <(h,—h,)/(2L).
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Figure 3: The effect of the eccentricity e on the
lowest four dimensionless frequency coefficients
of the clamped-free stepped beam

0.005 0010 0015
s

Figure 5: The effect of the eccentricity € on the

lowest four dimensionless frequency coefficients
of the clamped-pinned stepped beam

14

Figure 4: The effect of the eccentricity € on the
lowest four dimensionless frequency coefficients
of the clamped-clamped stepped beam
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5

Figure 6: The effect of the eccentricity e on the

lowest four dimensionless frequency coefficients
of the pinned-pinned stepped beam
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5. CONCLUSIONS

An analytical approach based on the transfer matrix method for free vibration analysis of stepped Euler-Bernoulli
beams with coupled axial and bending vibrations has been presented. The mutual eccentric position of the beam
segments longitudinal axes has been considered as the cause of coupling of axial and bending vibrations. The pre-
sented method can be also used in the cases of pure axial and pure bending vibrations of stepped beams. The nu-
merical simulations show that the existence of eccentricity e causes small changes in the values of the first four nat-
ural frequencies. These changes are more pronounced in the case of the beam segments made of different materials.
By changing the value of eccentricity e, the crossing and veering phenomena have not been detected.
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ABSTRACT

In this paper, the modified segmented rod method (MSRM) will be used for bending, buckling, and free vibration
analysis of multi-span beams. Since there is MSRM for a one-span beam in literature, slight corrections will enable the
application of this method to the case of multi-span beams. The motivation for this research lies in the fact that there
are engineering objects that must be modeled as multi-span beams, such as bridges. The proposed MSRM uses the
absolute coordinates of the rigid segments, so the introduction of different boundary conditions as well as the loads
can be done easily. The effectiveness of the MSRM was tested through numerical examples where the comparison
with current results from the available literature was done.
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1. INTRODUCTION

Beams as the basic element of many constructions are the subject of research even today. As structural elements in
planar models, they are predominantly loaded with axial forces and bending couplings, so it is important to calculate
static deformations during bending, critical values of axial forces to prevent buckling, but also to consider the char-
acteristics of the beam during free vibrations. The largest number of studies available in the literature refer to single-
span beams. On the other hand, there are continuous systems with repeated beam elements that can be modeled as
multi-span beams [1]. Bridges are a typical example of this type of object. The tendency is for bridges to be thinner
than before, due to the saving of materials, so they are more sensitive to static and dynamic loads and their analysis
in this regard is increasingly important. The literature dealing with this type of beam is plenty. References [2-6] indi-
cate that the topic is still current. In this paper, the modified segmented rod method (MSRM in the further) will be
used for the static and dynamic analysis of multi-span beams. This method is developed and described in detail in [7]
for the case of a single-span beam with various boundary conditions. Due to the use of absolute coordinates of the
endpoints, the results obtained in [7] can be used here with minimal corrections.

2. MSRM MODEL OF THE BEAMWITH ARBITRARY LOADS AND BOUNDARY CONDITIONS
Figure 1(a) shows the MSRM model of the beam with arbitrary loads and boundary conditions which consist of n

elementary beam segments of length AL=L/n. It was assumed that the beam is generally loaded at points k
(k=1,...,n+1) by the transversal forces Frand g, and force coupling M. Note that the force

© Faculty of Mechanical and Civil Engineering in Kraljevo. All rights reserved 19
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p+1
represents an approximately calculated force that comes from a continuous load, where g is the unit load and p rep-
resents the number of elementary beam segments of length AL on which the load is distributed.

Each of the elastic segments is further discretized into rigid segments connected by elastic rotational hinges, as shown
in Figure 1(b) and explained in detail in reference [7].

[P L |
[ »|
q\
lF 3 Q-1 qx Qi1 lF -1 M,
—-9 #1 @ 2 @ )) #k-1 ik )Y) @ i1 M |  @——
1 {2§ 3 i {kﬁ k k+1 YU pa {”EV n+1
F— AL=L/n —_—
le——»
(a) yl
b4 c @ c
z k MW AAAN k1
—>9 o I 1of o<
(b) L ALl4 L AL/I2 P ALI4 N

Figure 1: MSRM model [7] of the beam with arbitrary loads and boundary conditions

The differential equations of motion of the considered MSRM model of the free-free beam were given in reference
[7]. Relying on them, and taking into account the arbitrary loads that act at the node points k(gk, Fk, and Mk), the
differential equations of motion of the considered model have the form:

Mi'l+(K—ZS)v=Qv, (2)
where
X, X, (] 0 (] 0 0 |
X21,1 X22,1 + XH,Z X12,2 o : :
0 : : (1] :
X=| : 0 Xoio X+ X Xy 0 Do e R / (3)
: 0 : 0
* * X21,n—1 X21,n—1 X22,n—1 + XH,n X12,n
| 0 0 0 0 0 X, X, |
and X=MK,S.

The block matrices, which make up the matrices M, K, and S, are given in the explicit form in reference [7] and read:

_ pAAL 80 14AL @
192 [14aL 3(ALY |
M —(M )T_pAAL 16 —4AL )
AT 02 (aAL —(ALY |

pAAL{ 80 —14AL}

247192 | J14AL 3(ALY
. c [16  8AL o
ML) 8AL 5(ALY |
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-16  8AL
c
K12,k:(K21,k)T:—2 2| ®)
2(ALY’|8AL 5(AL)
c [ 16 -8AL
Kzz,k:—z 2 | 9)
2(ALY' | -8AL 5(AL)
. c[16  4aaL o)
- c , 10
" 8AL 4AL 3(ALY
-16 4AL
T C
S..=(S =— , (11)
1 =(Sau) 8AL{—4AL (AL)z}
S c [ 16  —aAL -
=— . 12
25 8AL| -4AL 3(ALY
Vector of coordinates of points k(k=1,...,n+1)reads:
v:[vf v .ovp o V] v:H]TeRZ("HN, (13)

u . . . . L
whereas v, = [yk gok] consists of transversal displacement yy of point k and rotation angle @ at this point.

The vector of generalized coordinates corresponding to the previously defined vector v is of the form:
Qv = [QVIT QVZT . kaT . QvnT QVIHT :'T c Rz(n+1)><1 , (14)

where

ka=|:§Fk'Fk+§qk'ri‘§Mk'MkTr (15)

and it holds that each of the coefficients &, &, or &u, has a value of 1 if a corresponding load is acting at the point k,
otherwise it is equal to 0. Since the differential equations of the observed model have been formed for the case of a
free-free beam, the introduction of boundary conditions should now be considered. As stated in reference [7], the
introduction of different boundary conditions in MSRM is simple. It is only necessary to remove the rows and columns
in the matrices M, K, and S, as well as the rows of vector Q,, corresponding to the constrained displacements. So, if
the beam is pinned at point k then y,=0, or if it is clamped then y,=0 and ¢«=0.

2.1. Eigenvalue analysis

If we consider free vibrations of the axially loaded beam, then the eigenvalue problem that corresponds to differential
equations (2) reads:

(K-Zs-o’M)u=0,, . (16)
By solving the characteristic determinant

K-25-'M =0,

n+1)a’
the natural frequencies o (r=1,..., 2(n+1)) of the considered beam will be determined.

The eigenvector associated with the eigenvalue o, reads:

u, :[u{, u, .. ou, ..ou_ ou. ]T eR™, (18)
where
.
uk,r :|:yk,r ¢k,r] . (19)

Now, the coordinates of the mode shape points read {z; y«} (k=1,..., n+1), where zx =(k-1)AL. By connecting all these
points, while respecting the boundary conditions, the approximate r-th mode shape of the beam will be obtained.

FMCE Kraljevo 21



Engineering Today Vol.1+(2022) +No. 4

2.2. Buckling analysis

Assume now that the beam is loaded only by the axial force Z. When the value of the axial force Z reaches a critical
value, the beam will buckle. At that moment, the value of the natural frequency w of free beam vibration is equal to
zero. If we consider that =0, the characteristic equation becomes:

[K-Zs|=0, (20)

n+1)x1

By solving this characteristic equation, one can obtain 2(n+1) values for Z. The smallest one represents the critical
buckling force Z. By following the procedure shown for obtaining the mode shapes of free beam vibrations, it is also
possible to obtain here the buckling shapes of the beam.

2.3. Bending analysis

Let us now assume that only static loads Fk, gk, or Mk(k=1,...,n+1) act on the beam and that the axial force Z is equal
to zero. Also, the assumption is that there are no vibrations under the effect of static loads, so ®=0. If we apply the
above assumptions, the differential equation (2) becomes algebraic and takes the form:

K-v=Q,. 2mn
Now, the vector of deformation of the beam reads:
v=K'Q,. (22)

Finally, the coordinates of the deflection line of the beam read {z; yi}, (k=1,...,n+1) where z=(k-1)AL. By connecting
all these points, while respecting the boundary conditions, the approximate shape of the deflection line will be ob-
tained.

3. NUMERICAL EXAMPLES

In the following examples, a beam with a square cross-section of dimensions 0.02x0.02 m will be used, with the fol-
lowing material characteristics: Young's modulus E=2.1x10'"Pa and the material density p=7800 kg/m3.The length of
the beam L will be given in each of the examples separately. The results of the finite element method (FEM in the
further) will be provided by using the Ansys software. The number of finite elements n will be calculated as the quo-
tient of the total length L of the beam and the smallest dimension of the cross-section (it is 0.02m here) because the
beam is modeled as a line body.

3.1. Example 1

Figure 2 shows the four-span pinned-pinned beam. The length of all beam spans is equal whereas the total beam
length reads L=2 m. The first five dimensionless natural frequencies (@’ pAL*/(El,))""* are computed by the proposed
MSRM and by FEM, with n=100 elastic segments used, and compared with the exact results in the closed form ob-
tained in reference [2]. All of these values, including the relative errors between the results of MSRM and FEM to the
exact ones placed in parentheses, are shown in Table 1.

The values of the natural frequencies obtained by MSRM are in excellent agreement with the exact values. The largest
relative error of 0.023% for the case of the fourth natural frequency proves it. Moreover the first frequency obtained
by the MSRM achieves an exact value. The results obtained by the FEM by using the same number of elastic segments
nare slightly worse than the results of the MSRM method. So, the largest relative error 0.529% is at the fifth frequency
and the smallest 0.125% at the first frequency. Although MSRM has a slight advantage, the results of both methods
converge to the exact values quickly enough.

ANNEYAN A ANAN
L/4 L/4 L/4 L/4

Figure 2: P-P beam with four equally spaced spans
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Table 1: The first five dimensionless natural frequencies of P-P beam with four equally spaced spans

Mode number n=100 Exact [2]
MSRM FEM (K=10")

1 12(6502)64 (10?1'53‘;22) 125664

: o000 | oasmy | 1357

3 (1(5671 gso/f) (1;61 Zf/f) 15.7064

* 0w | oy | 17

§ I

3.2. Example 2

Figure 3 shows an axially loaded two-span beam at various boundary conditions: (a) clamped-free, (b) pinned-pinned,

(c) clamped-pinned, and (d) clamped-clamped. Beam spans are of different lengths, with the first span having a length
| 7\ VANNERVAN

(1-a)L (b) al (1-a)L

al and the second (1-a)L, and it holds that O<a<1.
| 4 Z
>| I | |

=

«Z I :I<—Z

L A
(d)

Figure 3: Beam with two spans: (a) C-F, (b) P-P, (c) C-P, (d) C-C.

The exact values of critical buckling force for various parameters under different boundary conditions are obtained in
closed form in the reference [6]. By comparing the values of dimensionless critical buckling force (ZcrL2/(EIx))1/2 ob-
tained by MSRM (with n=20 and 40) and the exact ones [6], both shown in Table 2, it is obvious that there is an excel-
lent agreement. The relative errors between these two values which are shown in parenthesis, proven the conver-
gence of the MSRM results to the exact ones as the number of used elastic segments n increase. Moreover, in some
situations, using MSRM achieves the exact value, as is the case when a=0.7 at C-F and a=0.1 and 0.9 at the P-P bound-
ary condition.

Table 2: The critical buckling load Z., of the beam with two spans at various boundary conditions (BC)

e | MSRM Exact s | o MSRM Exact
n=20 n=40 (6] n=20 n=40 [6]

1 | orame | oorom | 5! 01 | coorn | Gagron | 6795
03 (5.3)3296;) (%'.321241) 20259 03 (3'10222;) (3'(?;2;) 8.0348
CF | 05 (é‘;gi/f) (é'ggg;) 25031 | | ¢C | 05 (3'38699;)) (3553;) 8.9868
07 3&(2)3/:)1 3&(2)02/31 32231 07 (3’10222';)) (38’;2;) 8.0348
AR IO AT
o (35662%) (3.?)316 61302) 4.8608 0.1 (3 o ) 4&33/32 48192

05 | 0113%) | (0oasw | "M’ 05 | 07030 | (0.025%) | 62832
TSR TS ] | [or] o | 8 e
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6.7242 6.7275 4.8190 4.8192
09 (0.065%) (0.016%) 6.7286 09 (0.004%) (0%) 4.8192

3.3. Example 3

Figure 4 shows the three-span pinned-pinned beam of total length L=3m, which is loaded by the unit continuous
load g=15 kN/m along the first span, force coupling M=5 kNm acting in the joint between the second and third span,
as well as with the transversal force F=5 kN acting at the middle of the third span.

A

L3 L3 LB, L6

Figure 4: Loaded P-P beam with three spans

The coordinates of the deflection line are obtained in Table 3. The results obtained by using the MSRM and FEM are
compared here. Note that n=150 elastic segments were used here in both methods. Looking at the relative errors of
the MSRM versus FEM results, shown in parentheses, one can see the excellent agreement of the results. A small ex-
ception is a displacement at the point z=1.2 m, where a difference of 4.23% is observed. The assumption is that this
difference occurs due to the small values of beam deformation at this point. The deflection line of the considered
beam obtained by the proposed MSRM is shown in Figure 5.

Table 3: The coordinates of the deflection line of the loaded P-P beam with three spans

2, [m] ¥, x10% [m] z, [m] ¥, x10% [m]
MSRM FEM MSRM FEM
o4 | oo | 759 | | 18| Qi | e
0.6 '(31(_)(?2'8;)? -312.02 2.2 (203. 11 '383/07) 231.55
0.8 '(11‘.‘285'2;3 -150.14 24 (203;'37;3 239.16
12 '(152'839;5 -12.375 26 (10252‘?/05) 165.32
14 (10352 ] 102? -131.53 2.8 ?; '3123;9) 83.868

0.02f

0.01F
= 0.00f

> -0.01Ff
-0.02}
-0.03F

I1.iﬁl
Z [m]

Figure 5: Deflection line of the loaded P-P beam with three spans

4. CONCLUSIONS

It is shown in the paper that the MSRM method developed in reference [7] for the static and dynamic analysis in the
case of free-free beams can be easily modified for use in the analysis of multi-span beams. The use of absolute coor-
dinates of rigid segments enables the easy introduction of different boundary conditions and static point loads into
the analysis. The efficiency of the proposed method is shown through the three numerical examples, in which the
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obtained results are compared with those available in the literature. The relative error between these two groups of
results is negligibly small and tends to zero with the increase in the number of used elastic segments. The proposed
method has the potential for further use in the analysis of different types of beam-like structures composed of Euler-
Bernoulli beams, considering its simplicity and achieved accuracy.
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ABSTRACT

In this paper, multi-criteria problem solving method — Fuzzy Analytical Hierarchy Process Method (F-AHP) is proposed.
the goal of this paper is to implement the F-AHP procedure, which is to obtain weight coefficients based on the ther-
mal characteristics of materials deposited in one warehouse. In subsequent research, the mentioned coefficients will
be used in fire simulations inside the warehouse.

KEYWORDS

Multi-criteria, Fuzzy AHP method, Weight coefficients, Warehouse, Fire

1. INTRODUCTION

Effective management of product stocks in the warehouse is a key element in the work of any manufacturing or dis-
tribution company. In this regard, the classification of stored products is extremely important for the functioning of
the warehouses themselves due to the large number of products that are deposited in the warehouse itself and the
possibility of certain accidents (eg fire). Although warehouses do not have a high risk of fire, the danger is posed by
warehouses of products such as explosives, fuel, solvents and other dangerous and explosive substances.

The analysis and modeling of fires in storage facilities, as well as the assessment of the risk of accidents, is attracting
more and more attention from both researchers and engineers who design these facilities and systems. Fires in such
buildings are characterized as very intense due to the high content of combustible matter per unit area in relation to
the volume of the building. Depending on the type of warehouse and the fuel in the warehouse, in the event of a fire,
smoke and toxic combustion products (containing carcinogenic substances) are emitted intensively, which contrib-
utes to harming the health of people inside the facility as well as air pollution.

Due to the storage of products and raw materials with different physical, mechanical and thermal characteristics, due
to the creation of mathematical models and simulations, relative weight coefficients are necessary, which take into
account all the listed material parameters.

The paper [1] presents a procedure for obtaining weight coefficients related to the overall functioning of a construc-
tion site as a system. Making the right decisions as one of the key prerequisites for achieving the planned goals in
connection with the construction of facilities of different configurations. The realization of construction works itself
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sometimes represents a long process that requires the engagement of a lot of resources, either because of new pro-
jects, because of works that are in progress, or because of works that need to be realized in the near future.

Multi-criteria decision-making also plays a role in the selection of certain (specific conditions) related to the location
of certain facilities, specifically a fire station in a seaport in Iran [2]. In this case, the ranking of criteria weights was
performed using the AHP method, while the TOPSIS method was used in the ranking of alternatives and determining
the best location for building the station itself.

Using the AHP method, air transport safety was assessed due to the fact that it is increasingly being developed and
produced by new products, as well as goods that can be considered dangerous [3]. Due to the complexity of the
problem itself and the number of parameters that were taken into account, the RFAHP method (Revised Fuzzy Ana-
Iytical Hierarchy Process) was used in the paper.

After the performed procedures and calculations, results were obtained that can be further used in making decisions
to improve performance in freight traffic. For this reason, more and more attention is being paid to the construction
of hazardous materials warehouses, which locationally must meet certain criteria regarding the distance from urban
settlements, roads, railways, as well as the distance from watercourses and water sources in order to avoid their po-
tential pollution [4]. In order to solve this problem, a mathematical model was created, the AHP procedure was carried
out, and finally, with the help of the GIS method, the locations of potential locations intended for the storage of haz-
ardous materials were obtained.

Fires on electrical installations represent an important category due to the very characteristics of the mentioned in-
stallations. Fires on electrical installations in high-rise buildings are a big problem, and reliability and objectivity in
risk assessment cannot be guaranteed for such buildings [5]. The first step in the research of the aforementioned fires
is proposed, which is a numerical simulation to obtain data on the risk of fire. Then, using the AHP method, the ranking
is performed and the weight coefficients of the fire risk assessment are obtained.

2. METHODOLOGY OF FUZZY AHP

Analytical Hierarchy Process (AHP) is a decision support method in order to prioritize among different criteria. In the
process of obtaining the priority criteria, this method uses a comparison of the criteria paired with the measurement
scale that has been determined. The main input parameters of the AHP method are the perception of the expert or
experts, so that in the process of determining the relative weights, the factor of subjectivity plays a crucial role. The
aspiration is to express the subjective opinion on the weights of the criteria by comparing the importance of the
criteria in pairs at each hierarchical level due to significant uncertainty and the doubt that an inadequate assessment
will affect the accuracy of the data and the results obtained. All the mentioned facts make the whole process of com-
parison too complicated, so in order to eliminate this shortcoming, fuzzy logic is used during the comparison, i.e. the
Fuzzy Analytical Hierarchy Process (F-AHP) method is used. Due to their simplicity, when formulating a mathematical
model for many problems, triangular and trapezoidal fuzzy numbers are most often used. The F-AHP method is used
similarly to the AHP method, except that in the modified method, the AHP scale is set in the form of a fuzzy triangle
that needs to be accessed (Figure 1).

(%)
. w L ML H VH
b
0.5—
a [
o ] iy 1 Tl ] |

I | | | | [ | | |
0 01 02 03 04 05 06 07 08 0.9 1 X

Figure 1: Triangular fuzzy number

In order to determine the priority of the criteria, i.e. importance of each criterion in relation to the main objective, the
AHP method uses pairwise comparisons. For this purpose, a comparison matrix (an nxn square matrix) is formed in
which each criterion in a row is compared with each criterion in a column at each level of the hierarchical structure.
Saaty's scale of relative importance is used for comparison (table 3.1). Numerical values range from 1-9 and are divided
into 5 basic degrees of intensity (1, 3, 5, 7 and 9) and 4 intermediate degrees (2, 4, 6 and 8).
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In order to determine the priority of the criteria, i.e. importance of each criterion in relation to the main objective, the
AHP method uses pairwise comparisons. For this purpose, a comparison matrix (square matrix) is formed in which
each criterion in the row is compared with each criterion in the column at each level of the hierarchical structure.
Saaty's scale of relative importance is used for comparison (Table 1). Numerical values range from 1-9 and are divided
into 5 basic degrees of intensity (1, 3, 5, 7 and 9) and 4 intermediate degrees (2, 4, 6 and 8).

Table 1: Saaty's scale of significance (importance)

Numerical value Definition Reciprocal
value

1 Equal importance 1

2 Weak 1/2
3 Moderate significance 1/3
4 Moderate plus 1/4
5 Strong significance 1/5
6 Strong plus 1/6
7 Very strong or proven significance 1/7
8 Very, very strong 1/8
9 Extreme significance 1/9

Letitbe C,,..,C, denotedby m decision criteria and letitbe W =(w,,..,w,, )T normalized relative importance weight

m
vector, which is obtained by comparing pairs and satisfies the normalization condition ZW, =1 with w; 20 for
j=1

j=1..m.

Based on the results of the comparison of the criteria, a pair comparison matrix is formed A(mx n) shown in expres-

sion (1).
Gla, a, - a,
A=(a)) =% @ G (1)
Colm Gy Dy

where a; represents a quantified judgment on w, /w; with a, =1 and a; =1/a, for i,j=1,.,m.In case that pair-

wise comparision matrix A :(a,./.) satisfied thatitis a, =a,a_forany i,j,k=1,..,m, thenitis claimed that A isa
n g

mx

perfectly consistent matrix, otherwise it is inconsistent.

To determine the value of the vector of weighting coefficients {w,}, several methods can be used from the matrix

A, which essentially represent close approximations of the corresponding matrix elements A . Procedure for deter-
mining the value of a vector {w,} is to first determine the maximum eigenvalue of the matrix A- 4 ., and in the
second step determine the corresponding vector of eigenvalues that can be taken as a vector of approximate values
of the weighting coefficients {w,}, because (2):

Mm%
w, w, w w
1 2 3
! W1 W1
w, w, w w
= 2 2y, w,
W, w, w, n =n (2)
Wn Wl"l
Wn Wn Wn Wn
L Y1 w, 3 n_|

Based on the criteria comparison matrix A, vector of weight coefficients {Wf} can be determined by solving the
characteristic equation (3):
AW =2 W 3)
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where the mentioned method of determining the weight vector of the pairwise comparison matrix is called the right
main eigenvector method.

It is assumed that the decision maker may not be able to provide ideally consistent pairwise solutions and the possi-
bility of judgment errors exists, it is necessary that the pairwise comparison matrix A must have the required con-
sistency which can be checked by the consistency ratio CR s shown in the following equation (4):

Aax =)/ (n—1)

( max
R=
¢ RI @

where Rl is random consistency index that depends on the row of the matrix, and the values are taken from Table 2,
in which the first row represents the row of the matrix, and the second random index.

Table 2: Random consensus indicators.

n 112 3 4 5 6
RI 0| 0| 052 ] 089 | 1.12 | 1.26

If it is CR < 0,1, the pairwise comparison matrix is considered to have acceptable consistency; otherwise, if the condi-
tion of consistency is not met, it is necessary to re-examine (revision) the comparison of pairs of criteria.

3. CASE STUDY - THE CALCULATION RESULT OF THERMAL CHARACTERISTICS OF MATERIALS BY F-AHP

The first step in the calculation of relative weight factors is the identification and selection of parameters that will be
used in the creation and calculation of the weight index. The parameters taken into account as criteria are Ignition
temperature, heat release rate (HRR), specific heat capacity and toxicity. The values of the mentioned parameters are
taken from the relevant literature [6] are shown in Table 3.

Table 3: Values of parameters taken into account for index calculation

Ignition temperature Heat release | Specific .heat N
C] rate HRR capacity Toxicity
[MJ/kg] [J/(kg K)]
Wood 250-300 17 1360 Normal
PVC plastic 100 - 260 20 880 Very high
Vulcanized Rubber 260-320 27 1880 Very high

The second step in the development of the proposed index is the creation of a procedure for determining the weight
of each parameter, that is, the property taken into account. The first step in the implementation of the Analytical
Hierarchical Process is already described in the previous step, which is the development of a hierarchical structure
that will be applied in solving the problem (Figure 2). To obtain Weighting Coefficients at all levels of the hierarchy, it
is necessary to perform a pairwise comparison of all elements of each subgroup [71.

GOAL
Igniti::n Heat rele;se rate Sprecﬁic _heat T_o_:ici ty
temperature (HRR) capacity
T___—_ = “‘———#-____ ___ — “““w _?
N N — —
Wood PVC plastic Vulcanized Rubber

Figure 2: View of the Hierarchical structure taken into account [8]

In order to determine the relative importance of all pairs of criteria with the fulfillment of all previously mentioned
rules and procedures, a pairwise comparison matrix was formed using Satie's scale of relative importance, which is
shown in Table 4.
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Table 4: Pairwise comparison matrix

Engineering Today

lanition temperature Heat release Specific heat
9 [oc]p rate HRR capacity Toxicity
[MJ/kg] [J/(kgK)]
Ignition t[i:(r:r}perature 1 456 456 234
Heat release rate HRR
[MJ/kgl 1/61/51/4 1 345 678
Specific heat capacity
1/61/51/4 1/51/41/3 1 234
[J/(kg K)1
Toxicity 1/41/31/2 1/81/7 1/6 1/41/31/2 1

After the procedures were carried out, the individual results of each alternative for each criterion were obtained,
which are shown in table 5. Based on the obtained data from the table, it is clearly seen that alternative A3, i.e. vul-
canized rubber material has the highest weight coefficient.

Table 5: Summary results for each alternative according to each criterion

CRITERIA Scores of Alternativgs with respect to
related Criterion
Normalized
Weights (Ni) A1 A2 A3
C1. Ignition temperature 0.536 0.223 0.325 0.452
C2. Heat release rate HRR 0.281 0.597 0.202 0.202
C3. Specific heat capacity 0.115 0.151 0.424 0.424
C4. Toxicity 0.068 0.597 0.202 0.202
TOTAL 0.345 0.294 0.362

4. CONCLUSIONS

Warehouses represent an important link in the supply chain. Warehouses that function efficiently allow the compa-
nies that own them to smoothly perform all the necessary operations within the warehouse itself. For the aforemen-
tioned reasons, a multi-criteria analysis using the F-AHP method was carried out in this work, taking into account
several criteria in the form of thermal characteristics of materials such as ignition temperature, Heat release rate (HRR),
calorific value, specific heat and toxicity. Toxicity was taken as one of the criteria due to the fact that due to the emis-
sion of harmful gases that occurs during combustion (CO, CO2, etc.) there is a possibility of harming the health of
employees in the warehouse in the form of suffocation and ingestion of harmful particles. The materials considered
as alternatives in this procedure are wood, PVC plastic and rubber. The paper also shows that the F-AHP method is
simple, easy to use, and can be applied to a wide range of decision alternatives. The relative weight factors obtained
using the mentioned method will represent the input parameters for further simulations and mathematical models
for fires in warehouses and storage systems. In future research, it is possible to compare the results of several multi-
criteria methods and determine which of the methods provides more accurate data on the weight coefficients.
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ABSTRACT

Freight transport is a composite dynamic system that forms the unity of the infrastructure, vehicles, and personnel
and which has its purpose or aim. Evaluating operation performance for freight transport systems is important for the
government, companies, and users. This paper will use one of the most famous Multiple Criteria Decision-Making
(MCDM) techniques to assess the operational performance of freight transport systems. At beginning, the authors
will create the evaluation indicator system based on official data with four basic indicators and two sub-indicators for
freight transport. These operational data/indicators represent the input of the chosen MCDM method. After that, the
Analytic Hierarchy Process (AHP) method will use to calculate the indicator and sub-indicators weight and also will
use to calculate the universal evaluate values and rankings of each transport mode performance. The Serbian freight
transport system for the 2021st year will be selected as a case study for testing the AHP method within the MCDM
approach; the associated suggestions to freight transport will also be given.

KEYWORDS

Freight transport, Operation performance, MCDM, AHP

1. INTRODUCTION

Every change that takes place in the economy and production of a country affects all segments of the development
of the country as a business entity. If an economic entity does not have a certain flexibility and ability to adequately
respond to changes that occur and affect its development, stagnation or cessation of economic growth of that entity
occurs. Such events affect the development of all transport modes both in the world and in the Republic of Serbia.
Although the Republic of Serbia has an extremely favorable geographical position as a transit country, transport has
a very important role in the constant growth of the economic development of our country. Trade internationalization
increases the demand for modern freight services. Freight transport is a vital in the supply chain industry due to in-
creasing concerns about the environmental impact [1, 2].

As the development of our country has been noticeable in the last few years, especially in the development of road
infrastructure, the challenges faced by freight transport are different. Today, freight transport users expect better
service, fewer delays, and congestion, less time lost at border crossings, etc. Performance measurement allows the
service provider to compare the goals they set and the results they managed to achieve. According to the White Book
[3], performance optimization implies greater use of more energy-efficient transport modes. The 30% of road freight
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transport over 300 km should be directed to other modes such as rail and water transport by 2030, and more than
50% by 2050, facilitated by efficient and green freight corridors. To fulfill this goal, the development of appropriate
infrastructure is also required. By 2050, it is necessary to connect all airports with a railway network, preferably at high
speeds; provide sufficient connectivity of all seaports with railways for freight transport, and where possible, with
inland waterways [3].

In order to remain competitive and respond to the rapidly changing market, companies must increase flexibility and
adaptability in today's world market. In this sense, based on the measurement of operational performance, it is pos-
sible to choose the appropriate transport mode and it represents a multi-criteria problem that includes quantitative
and qualitative criteria. The best way of monitoring the performance of some organization or some process is by the
properly defined indicator or the set of indicators that are more specifically aimed at the observation area of interest.
This way the management could monitor the entire system and make proper decisions to enhance their operations.
One of the examples of measuring performance is a key performance indicator (KPI). Actually, a KPl is a universal tool
that represents a measurable value that shows the effectiveness of a company in achieving its goals. Consequently,
the KPI can be applied to measure the operational efficiency of transport modes from available data [4]. To create the
total KPI of the transport freight system, many indicators and sub-indicators must be involved. Those indicators re-
gard reliability, costs, flexibility and visibility, punctuality performance, mobility, capacity, business and financial per-
formance, safety, etc. Decomposing a complicated and complex unstructured situation to the simpler components
makes a hierarchical system problem the basis of the AHP method. The power of the AHP method consists in its ability
to include all criteria and sub-criteria as relevant factors in the problem-solution process and as such it has found
application in a various fields of economics, management, engineering, marketing, and education.

From a government perspective, evaluating and analyzing freight transport performance is essential because of the
basis for government subsidies. Differences in performance between different transport modes are a strong justifica-
tion for government financial subsidies. Also, the results provide support to the government on how to optimize and
improve the structure of any transport mode. From the operator's perspective, freight transport performance evalu-
ation can be seen as an efficiency assessment that focuses if operators achieving predetermined goals and what jobs
they performed to achieve the goals. From the user's point of view, the evaluation of freight transport performance
can be considered as time-saving accessibility and environmental friendliness.

After the introductory part, which discusses the importance and analysis of the operational performance of the freight
transport modes, the second chapter is devoted to the review of the literature on the application of approaches and
methodologies for evaluating the performance of the included freight transport modes. There is a wide spectrum of
criteria that may be studied when it comes to the operational performance of freight rail, road, water (inland water-
ways), and air transport as a system, and for this reason, general settings for using multi-criteria decision-making and
defining sets of input data are given in the third chapter. Furthermore, in the fourth chapter, an overview of the AHP
method was given, which was used both for calculating weight coefficients and for ranking the performance of freight
transport in the Republic of Serbia in 2021 based on valid statistical data. At the end of the research paper, the main
conclusions and an overview of future studies tasks will be presented.

2. LITERATURE REVIEW

A review of the literature on freight transport modes shows that there are a limited number of studies that use differ-
ent methods for decision-making based on multiple criteria to evaluate operational performance [5-7]. There are sev-
eral approaches to measuring and evaluating freight transport performance. On the one hand, parametric ap-
proaches are rarely used because they need certain assumptions for determination the desired function; while on the
other hand, researchers prefer to use nonparametric approaches which involve fewer assumptions [8].

Based on searches in databases, various MCDM techniques [9, 10] were used for measurement, evaluation and analysis
performance in transport, such as Analytic Hierarchy Process - AHP, Analytic Network Process - ANP, VISe Kriterijumska
Optimizacija Kompromisno Resenje - VIKOR, Technique for Order of Preference by Similarity to Ideal Solution - TOPSIS,
Decision making trial and evaluation laboratory - DEMATEL, Simple Additive Weighting - SAW and etc.

After a detailed review of MCDM methods, the paper [11] used the AHP method for a logistics company in choosing
the most appropriate transport mode between the two listed locations in Turkey. The criteria that were used when
choosing the transport mode are price, environmental acceptability, speed, safety, accessibility, flexibility, and relia-
bility. Several price parameters (storage, transport, handling, crossing the Bosphorus) are included in the decision-
making analysis. Research results indicated that rail transport, which is not widespread in Turkey, is the most conven-
ient transport mode.

The paper [12] describes the model which uses AHP method for choosing a convenient transport mode from a potential
three transport modes. This research aims to create a useful decision support tool for choosing the transport mode
within the distribution logistics of motor fuels. The tool could help companies make the right decision on the choice of
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transport mode, taking into account the importance of different criteria that influence the decision-making analysis and
process.

In paper [13], based on the AHP-TOPSIS combination method, a system for efficiently evaluating the logistics of mar-
itime transport was constructed with port efficiency, port throughput, the efficiency of sea vessels, and ocean port
cooperation as the indicators, and it was applied to the analysis of five chosen ports in China. The obtained results
show that the port of Shanghai has the greatest efficiency in maritime transport.

Also, the use of the Data Envelopment Analysis - DEA method can be found in the evaluation of the performance of
different transport modes. This method was used alone or in combination with MCDM methods. Yu (2008) conducted a
study of efficiency and effectiveness using the DEA method for a group of forty large railway systems (freight and pas-
senger) in 2002 [14]. In the paper [15], the authors used the DEA method to evaluate and analyze the efficiency of Euro-
pean railway companies taking into consideration different input and output configurations. Although companies from
Western Europe showed higher performance that is, better results than companies from Central and Eastern Europe in
passenger and overall transport, but it was not the case in freight transport.

The aim of paper [16] is to create, select, and evaluate the criteria that influence the efficiency of railway companies,
increase their competitiveness and propose an approach based on DEA to assess the efficiency of railway companies. In
order to solve the problem of criteria selection, the Fuzzy Analytical Hierarchical Processes - FAHP method was investi-
gated, which demonstrated the priority of evaluating the railway companies' efficiency, with five groups of criteria. Cri-
teria in a group that surpassed relative to other criteria for their freight railway companies within the adequate range
were used as input and output indicators. The estimation of the efficiency of railway companies was investigated by
using the DEA method. The obtained results show that the proposed method successfully enables the merging of a set
of criteria (resource, safety, financial, quality, and operational) into a single estimation of the efficiency of railway com-
panies until providing information on correctional measures that can improve the efficiency of railway companies.

In the paper [17], the authors presented a case study that examines different freight transport modes by a Turkish
logistics service company. In practice, numerous conflicting qualitative and quantitative criteria can be used to eval-
uate alternative transport modes. Therefore, to solve the problem of ambiguity and uncertainty, ANP method in fuzzy
environment was used. In essence, it is a basic form of the Analytic Hierarchy Process approach [18]. Many numbers
of criteria that interconnect with each other are assessed and synthesized to select the most suitable transport mode.
This assessment was conduct by a group of decision-makers (DM) coming from various levels of management in the
logistics area and from the service company to ensure a reasonable solution. Moreover, the used model is confirmed
by comparing the obtained results with the actual settings of the company.

Also, the urban railway transport system performance evaluation in the Chinese city of Chengdu for 34 months was
performed using the Entropy - TOPSIS method [19]. The authors created a set of evaluation indicators with eight
indicators and a total of fourty-one sub-indicators. The operational data of fourty-one sub-indicators were used as an
input data for access.

Based on the review of the literature and indicated models and methods, and with the aim of determining the oper-
ational performance, a multi-criteria analysis will be conducted for freight transport system of the Republic of Serbia
in 2021.

3. MCDM METHODOLOGY AND INPUT DATA

Multi-Criteria Decision Making (MCDM) is a subfield of Operational Research that was developed as a mathematical
tool from both research and a practical perspective [20, 21]. MCDM methodology considers situations in which the
DM must select only one alternative from a set of available alternatives that are evaluated based to more criteria. In
order to make a good decision, it is necessary to define alternatives by forming appropriate criteria. As well, it is re-
quired to define the weight coefficients for every criterion, that is, the significance of every each in relation to the
others criterion. Additionally, for each criterion, it is determined and defined whether it is necessary to select an alter-
native so that the criterion is minimal or maximal, i.e., what is the nature of each criterion. After that, toward to each
criterion, the alternatives are valued and evaluated separately based on precisely determined parameters or subjec-
tive assessment. Characteristic way of presenting a MCDM problem is in matrix form. Criteria are often defined as
quantitative measures that can be used "to simply illustrate and communicate complex phenomena, including trends
and progress over time." Collected data can be suitable for analysis by those involved in decision-making and thereby
contribute to better decision-making.

The Analytic Hierarchy Process method has been significantly used to untangle hierarchical decision-making prob-
lems in technical-technological areas. The theoretical basis of the AHP method is based on the following axioms [22]:

1. Axiom of reciprocity (if element X is n times more important than element Y, then Y is 1/n times more important
than element X).
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2. Axiom of homogeneity (a comparison only makes sense if the elements of sets are comparable, that is, element
X can't be infinitely more significant than element Y).

3. Axiom of dependency (a hierarchy is formed, and a comparison is made between elements of one level of the
hierarchy in relation to one element located at a higher level of the hierarchy. Lower-level comparisons do not
affect an element of a higher-level).

4. Axiom of expectations (all elements of the hierarchy must be included in consideration and any change in the
structure of the hierarchy requires a recalculation of the priorities in the new hierarchy. This practically means that
the AHP method is sensitive to a subsequent change in the structure of the hierarchy).

Axioms 1 and 2 talk about evaluating pairs of hierarchy elements and assigning preferences, while axioms 3 and 4
describe formulating and solving problems as a hierarchy [22].

The AHP method is an effective tool that enables the complicated problem of MCDM to be created as a hierarchical
decision-making structure. In addition, complex decision-making is simplified through a series of pairwise compari-
sons of hierarchy elements. After that, the results are synthesized and the significance coefficients of all elements of
the hierarchy are determined. AHP also includes a technique and methodology for checking the consistency of deci-
sion-makers' ratings, which reduces affinity in the decision-making process. Method considers the set of evaluation
criteria, and the set of alternatives from which to choose the best. Then AHP generates significance for each criterion,
accordingly for a criterion pairwise comparison by the DM. What is higher the significance, the criterion is more im-
portant. Then, for each criterion, AHP assigns importance to each alternative, also based on pairwise comparisons by
the decision maker. What is higher the significance, the alternative is better compared to the adopted criterion. At
the end, AHP method represents combinations the importance of alternatives and criteria, and thus determines a
global outcome for each alternative, as well as their ranking [10, 23].

Long-term research has formulated several criteria that are significant for evaluating the operational performance of
freight transport modes. In this way, the operational goals are directly connected with the performance indicators of
transport processes, and indirectly with the strategic goals of organizations. Figure 1 shows the algorithm for evalu-
ating the operational performance of freight transport modes using the AHP method. The fact is that in practice there
is no uneque model that fits every situation.

Defining criteria based on lit-
erature research and the au-
thor's experience

k4

Evaluation of adopted criteria Creating a hierarchical model

Decision-making on opera-
Consistency testing tional performance evaluation

v

The synthesis of priorities

Figure 1: Algorithm for evaluating the operational performance of freight transport modes using the AHP method

In the conducted analysis for evaluating the operational performance of freight transport modes, the available data
collected by statistical reports of transport companies consolidated in the Statistical Yearbook of the Republic of Ser-
bia were used [24]. The data for goods transport by inland waterways and air transport refers to transport realized by
transport organizations registered for transport activities, whether the transport was carried out within or outside of
the Republic of Serbia. Operations and activity in railway transport, displayed in passenger kilometres and ton kilo-
metres, refer to transport carried out within the territory or outside the borders of the Republic of Serbia. Domestic
inland waterway freight transport includes the total transport activity at river ports.

Quantity matrix with transport modes as alternatives and indicators with sub-indicators as criteria are given in Table
1. The freight transport modes taken into consideration are V, - Rail, V> - Road, V5 - Water (Inland Waterways), and V.-
Air transport. It includes 4 indicators, of which one indicator is based on two sub-indicators, which are used to evalu-
ate the freight transport system performance of the Republic of Serbia in 2021. The following indicators were used:
K - Carrying capacity of transport (Ton of carrying capacity, thous. t), K, - Number of employees in transport, Ks -
Consumption of fuel in transport (Liquid fuels, thousand tons) and K, - Basic indicators of transport. K41 - Achieved
tkm (million) and K, - Goods carried (thousand tons) were used as sub-indicators of the basic indicators.
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Table 1: Quantity matrix

Engineering Today

Indicators
Indicator Indicator Indicator Indicator
Transport modes Ki K, Ks Ks
Sub-indicator | Sub-indicator
K41 K42

Rail, V, 243 10497 12 2925 10783
Road, V; 248 23679 264 10108 23400
Water (IWW), V3 381 1253 21 1883 6597
Air, V, 0.30 2736 81 17.10 4730

4. THE APPROACH AND RESULTS DISCUSSION FOR CASE STUDY: THE SERBIAN FREIGHT TRANSPORT MODES

Economic globalization and the emergence of new consumption behaviors have led to the increase in volume of
goods transported and the distance traveled. Measuring and analysis the performance of freight transport modes
unavoidably becomes a precondition for their existence on the market in today's dynamic and very highly turbulent
ambience. Carriers must bring and find optimal decisions and solutions for the purpose of efficient and effective busi-
ness, overlive in the transport market, as well as to improve their competitive advantages.

To evaluate the operational performance of freight transport modes using the AHP method, a matrix of relevant im-
portance criteria was formed (Table 2). By comparing the criteria according to Satie's scale [23], on the basis the liter-
ature and the author's experience, the members of the normed criteria importance matrix were determined.

The relative importance matrix of the criteria shows that the indicator K; - Carrying capacity of transport is more dom-
inant compared to the indicator K; - Number of employees in transport, while in the case of indicators K; - Consump-
tion of fuel in transport and K, - Basic indicators of transport (Achieved tkm and Goods carried) it has less importance.
Indicator K, also has less dominance in relation to indicator K; and sub-indicators K41 and Ki,. Indicator K; is more
dominant in relation to sub-indicator Ks;, while in relation to sub-indicator K, it has the same importance. Sub-indi-
cator K41 has the same importance in relation to sub-indicator Ki,.

Table 2: Relative Importance Matrix of the criteria

Ki K, Ks Kaq Kaz
max min min max max
K, 1 2 0.5 0.2 0.2
K> 0.5 1 0.14 0.2 0.2
Ks 7 1 2 1
Ka 5 0.5 1 1
K42 5 1 1 1

As there are several different criteria, which do not have the same importance, weighting coefficients were determined,
based on which their relative importance wy is obtained (Table 3). The weighting coefficients should show the im-
portance of the participation of certain criteria in making a decision on the ranking of alternatives, i.e. transport modes.

Table 3: Operational performance evaluation values and rankings of for each transport mode

Indicator Fact. of importance of the variants of transp. modes Indicator of variants of types of transport
Label | Weight Rail Road Water Air Rail Road Water Air
Ki Wi Wrijv1i Wrijv2 Wrijv3 Wrijva Urijv1 Urijv2 Urijv3 Urijv4
Ki 0.09 0.249 0.298 0.448 0.006 0.021 0.0261 0.0391 0.0004
Kz 0.05 0.096 0.041 0.575 0.288 0.0045 0.0019 0.0272 0.0136
Ks 0.31 0.578 0.036 0.289 0.096 0.1810 0.0113 0.0905 0.0301
K, ﬁ 055 0.26 0529 0.229 1.060 0.610 0303 0.153 0.108 0.008 0.146 0.0593 0.290 0.1587 0.083 0.0396 0.031 0.0022
Ka2 0.29 0.300 0.450 0.150 0.100 0.0875 0.1313 0.0437 0.0291
Total indicator of the variants of transport modes
U, = Zurijk vk = V.V, 0.3544 0.3295 0.2403 0.0756

The conducted analysis (Table 3) shows that indicator K, - Basic indicators of transport have the greatest influence in
the evaluation system (wi4=0.55), while K4; - Achieved tkm have less importance (wi1=0.26) compared to Ki, - Goods
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carried (wip=0.29). Indicators K, - Carrying capacity of transport and K, - Number of employees in transport have the
lowest values of weight coefficients, respectively (wi;=0.09) and (w,=0.05) and show that they have the least impact
on the evaluation process of operational performance.

Further analysis leads to the significance factor of the variants of the transport modes w;;; (Table 3) by comparing
each indicator with each variant of the transport modes. Indicators of variants of transport modes according to each
indicator (sub-indicator) are determined by the equation:

UrijVi =Wy W M

Based on the indicators of the variants of transport modes according to each indicator, the total indicators for each
transport mode were determined:

Urik :zurijk Vk :V1'V2 'V3 'V4 (2)

Based on the ranking performed by the AHP method (Table 3), based on the adopted indicators for freight transport
in the Republic of Serbia in 2021, it can be concluded that the best business results were achieved by railway freight
transport (unvr =0.3544), road transport (umv, =0.3295) in second place, followed by inland waterway transport
(urjv3=0.2403), while air freight transport recorded the worst scenario (uy+=0.0756).

The trend of railway development both in developed countries and in the Republic of Serbia is moving towards its
modernization, improving capacity, and increasing the throughput capacity of railways, generally by improving ex-
ploitation and transport organization. In addition to the uneven development of railways in individual regions and
countries, another characteristic of the development of railway transport is the unevenness in the development of
transport capacities. It is reflected in the better equipment of the railways, more developed rolling stock, greater ca-
pacity, etc. Today, the railways have lost much of their power and left the role of the main transporter to road
transport. Air freight transport is irreplaceable on long distances, while on medium distances its comparative ad-
vantage is threatened by rail and road transport.

5. CONCLUSIONS

The latest trends in performance management imply an orientation towards results, which means not only managing
effective behavior but also achieving high results. Transport is essential to our economy and society. New transport
models must appear, by which larger cargo quantities are transported to their destination by the most efficient
transport mode. It is preferable to use individual transport for final destinations. In order to successfully respond to
the very clear requirements of the modern business environment, transport organizations must clearly define their
determination in the direction of increasing the efficiency of functioning, i.e. accepting the logic of the market, ap-
plying modern management methods and constantly measuring the level of development achieved, which is the
essence of the philosophy that leads the organization to success, that is, long-term sustainable business.

In the paper, a multi-criteria analysis using the AHP method was carried out in order to evaluate the operational per-
formance of freight transport modes in the Republic of Serbia in 2021. The alternatives were Rail, Road, Water (Inland
waterways), and Air transport, while the Carrying capacity of transport, Number of employees in transport, Consump-
tion of fuel in transport as well as Basic indicators of transport - Achieved tkm and Goods carried were used as criteria
or indicators. The best and worst operational performances were achieved respectively by Rail and Air freight
transport.

The future development of freight transport must be based on:

e Energy efficiency improvement the of vehicle performance in all modes of transport. Development and
application of renewable energy sources and propulsion systems.

e  Optimizing the multimodal transport performance, which implies greater use of essentially more efficient
transport modes, where other technological innovations may fall short.

e The more efficient transport and infrastructure use in application for the improved management of
transport and modern information systems, progressive transport, logistics and market measures such as
the full development and modernization of the integrated European railway market, the abolition of cab-
otage restrictions, the removal of barriers for short sea deliveries, undistorted prices, etc.

From everything mentioned so far, it can be deduced that the transport services market related to freight transport
is extremely developed and that there is strong competition in certain transport modes. Freight shipments at short
and medium distances (under some 300 km) will mostly stay on the trucks. Therefore, it is important, in addition to
encouraging an alternative transport solution (rail, water transport), to improve the efficiency of trucks, using intelli-
gent and modern transport systems and extra measures to advancement market mechanisms.
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The framework of future research would be reflected in the MCDM approach to assessing the performance of other
systems using compatible evaluation indicators.
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