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ABSTRACT

This study investigates optimal control for a two-wheeled, self-balancing mobile robot whose dynamics is unknown.
The objective is to achieve asymptotic control and rejection of disturbances while minimizing a certain index of per-
formances. An approximate optimum controller may be iteratively learnt online utilizing quantifiable input and out-
put data by combining the internal model concept with adaptive dynamic programming (ADP). States that cannot
be measured directly are additionally recreated using this information. The ADP method is used to solve the discrete-
time algebraic Riccati problem iteratively. The efficacy and viability of the suggested approach are shown by the sim-
ulation results.
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1. INTRODUCTION

One well-known example of a robot having potential uses in a variety of fields, including research and transport, is a
self-balancing mobile robot. The control of a self-balancing robot is gaining significant interest in both academics
and industry. Considering this kind of robot is intrinsically unstable, high-order, multivariable, nonlinear, and highly
coupled, it is a mechanical system that is especially underactuated. Dynamic coupling is necessary to indirectly man-
age the unactuated generalized coordinates since an underactuated system has less control inputs than the general-
ized coordinates. Underactuation presents difficulties for controller design even if it results in less actuators, which
can minimize the production expenses and lower rates of failure. Furthermore, a self-balancing robot moves along its
path while keeping the pendulum balanced, in contrast to simpler systems like an inverted pendulum on a cart, which
is restricted to a set track. Controlling a self-balancing robot's linear, tilt, and yaw motions all at once is one of the
difficulties.

Adaptive dynamic programming (ADP) presents a practical and efficient strategy for employing either traditional or
intelligent control methods to get the best possible control performances. It combines the principles of dynamic pro-
gramming with neural networks, aiming to resolve optimal control challenges in dynamic programming problems by
leveraging the approximation capabilities of neural networks [1,2]. ADP has recently been broadened and imple-
mented in various fields, involving robots, spaceships, and more [3,4].

Utilizing output feedback-based ADP is appropriate in situations when the status of a system cannot be directly meas-
ured and its matrices are unknown. The study mentioned in [5] introduces an output feedback ADP method for dis-
crete-time linear systems. This method uses measurable input and output data to define the states of the discretized
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model, and it follows with policy iteration (Pl) and value iteration (VI) to derive the optimal control policy. However,
to ensure a unique solution during each iteration, it is necessary to introduce some exploration noise, which may
impact the result’s precision.

Direct measurement of system states is frequently too costly. Approaches to self-applied state estimation assume that
parameters of systems don't change. However, in reality, these criteria cannot be known. The dynamic behavior of
complex systems may also be described by linear stochastic state-space models with online approximated dynamics
[6]. An exact understanding of system characteristics and states is critical for successfully implementing various con-
trol strategies. Many actual engineering applications, such as intelligent vehicles [7], robotic manipulation tasks [8],
and 2-degree-of-freedom helicopters [9], need the use of linear models for real-time control.

The optimal control issue is then tackled after the continuous-time linear plant is transformed into a discrete form for
simpler implementation in reality. The discrete model is used for controlling a self-balancing mobile robot with un-
certain dynamics using an adaptive optimum output feedback approach. Simulation findings show that the sug-
gested control strategy is valid and effective, with exploration noise not affecting the accuracy of the discrete Riccati
equation’s solution.

2. DESCRIPTION OF THE MOBILE ROBOT

One type of multivariable underactuated mechanical system is a self-balancing robot [10]. The total amount of gen-
eralized coordinates in underactuated mechanical systems is more than the total number of actuators. In these sys-
tems, the generalized coordinates are controlled indirectly through their interconnection. Also, a self-balancing robot
is a high-order, nonlinear and unstable system. The mobile robot consists of a chassis and attached wheels driven by
electric motors, see Fig. 1. The robot has three degrees of freedom (generalized coordinates):

1) tilt angle O (rotation around the Z-axis)
2) linear motion along the X-axis
3) yaw angle § (rotation around the Y-axis)

These three generalized coordinates and their corresponding velocities fully describe the dynamics of the robot and
represent the elements of the state vector.
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Figure 1: A self-balancing mobile robot

The robot is controlled by two electric motors that drive the wheels with torques 7, and 7, . Other parameters of the

robot are: M[kg] - Mass of the chassis; m[kg] - Each wheel's mass; R[m]- Wheel radius; D[m]- The two wheels' dis-
tance; L[m]- Length from the robot's center of gravity to the Z-axis; J, [kg-mz] - Moment of inertia of the chassis
with respect to the Y-axis; J, [kg : mz} - Moment of inertia of the chassis with respect to the Z-axis; J, [kg : sz -The
wheel's moment of inertia in relation to the Z-axis; x, , x, [m] - Wheel displacements on the left and right; x., y.[m]
- The location of the robot's center of gravity; X,, X, [N]- Forces that interact on the X-axis among the wheels and

the frame; Y,, Y,[N]- Interactions among the wheels and the frame on the Y-axis; F,, F,[N]- Friction forces among
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the wheels and the hard surfaces; 7,, 7,[N-m]- Torque produced by the motors on the left and right; 6,, 6, [rad]-
Angles at which the left and right wheels rotate. The dynamics of the wheels is defined by the sum of forces:

mx, =F — X, (M

mx, =F, — X, (2)
and totals of moments

1.6, =1, —FR 3)

1,6, =7, —FR (4)

The dynamics of the chassis is described by the sums of the forces for the x and y axes, as well as the sums of the
moments for the zand y axes as follows:

Mx. =X, +X, (5)

Mj. =Y, +Y, —Mg 6)

1,6 =(Y, +Y,)Lsin(@)— (X, + X, )Lcos(0) (7, +7,) (7)
.. D

Jy&ZE(XL - X) (8)

If we assume no wheel slip, then x, =R8, and x, =R6, . Based on this, we can solve equations (1)-(4) and eliminate
from them the angles of rotation of the wheels 6, and 6, , as well as the friction forces on the wheels F, and F,.Asa
result, we get the following equations that describe the dynamics of the left and right wheel:

J, ). T

(M+—R‘§ij =—RL -X, ©)
J,). T

(M+—R§ij =—/§ - X, (10)

The connection between the robot's yaw angle ¢ and the wheels' linear motion x, and x, is given by the expression:
Dé=x, —x, (1)

The center of mass of the robot is determined by coordinates

X = x+Lsin(6) (12)
Yc =Lcos(6) (13)

where
x=%(xL+xR) (14)

Based on the above equations, we can get the system's nonlinear equations

)'('(M+2m + 2;;’ ]+ML(écos(9)— ¢’ sin(6)) :%(TL +7,) (15)
2J, DJ, a1
(#+?+Dm]5:E(TL—TR) (16)

J,0= 25&L(m +é—‘;’jcos(6’) +MgLsin() — ML 8sin’(8) —
(17)

~ML26? sin(6) cos(6) — (1 + @J(

T, +7,).

Making these nonlinear equations linear around the operating point 8 =0, we derive the subsequent linear state
space representation of the self-balancing mobile robot
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where [x X 6 6 6 cﬂr is a state vector, [z, 7,] representsavectorinput, [x 6 & representsan output
vector, while the model parameters are defined as
3 -M?L*g

MJ,+2(J, +ML)(m+J,/R?)

023

_ MgL+2MgL(m+J,/R?)
- MI,+2(0, +ME)(m+J, /R?)

dy3

o p (4, +M2) [R+ML

M, 2(0, 4+ M) (m+J, /R

b ~(R+L)M/R=2(m+J,,/R?)
ML, +2(d, M2 ) (m e+, R
) D/2R

= _b62 =
o J,+D*/(2R)(mR+J,,/R)

3. OPTIMAL PROBLEM FORMULATION

For practical application in a self-balancing mobile robot's control system, we shall explore the discrete system ex-
pressed in
Xy = Ag X +B,u (20)

Vi =X, 1)
h
inwhich A, =e™, B, = I(eA’dT)B and h >0 is the time frame for sampling, In the event @, =27z/h is non-patholog-
0
ical rate of sampling [11]. That is to say, no two eigenvalues of A in which both imaginary and real elements are iden-
tical differ by an integral multiple of @, . The input, output, and state vectors at the moment of sampling kh are x, ,

U, ¥, . respectively. After that, both (A,,C) and (Ad,QVZC) are observable and (A,,B,) is controllable. The cost for
(20)-(21) is:

J,(x,)=>_y]Qy, +ujRu, . (22)

j=0

The law of optimal control that minimizes (22) is
u, =-Kx,, (23)

where discrete optimal feedback gain matrix is K, =(R+BjP,B, )71 B]P;A,,and P, is the unique symmetric positive

definite solution to
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AlP;A,—P, +C’QC—AlP,B,K, =0. (24)
So far, only low-order simple linear systems have been able to use this well-known optimum control design tech-
nique. In reality, for systems of a high order and size, it is frequently challenging to straight away resolve P, from (24),

which is nonlinear in P,. Nonetheless, numerous effective techniques have been created to numerically estimate the

solution of (24). A certain algorithm has been established by Hewer [12]. Through the iterative solution of the Lya-
punov equation

T T T
(A,-B,K;) P,(A,—B,K;)+C"QC+K]RK, =0 (25)
whichislinearin P, and updating K; through
K, =(R+BlP_B,) BIP.A, (26)
A numerical approximation of the nonlinear equation (24) solution is provided. According to the results of this ap-
proach, sequences {PJ}WO and {Kj}oloo converge to P; and K;, respectively. In addition, for j=0,1,..., A, —BdKj is
J= J=

a Schur matrix.

It should be noted that Hewer's approach is a model-based policy iteration (Pl) technique, which means it cannot be
used in situations when all of the matrices of the system are unknown. This method relies on system parameters and
operates as an offline method. We will create an output feedback adaptive optimum control method for the discrete
system (20) - (21) that does not need knowledge of the matrices of the system in order to use it online.

4. DESIGN OF OPTIMAL ADAPTIVE CONTROL

Similarly to [5], it is possible to express the expanded state equation using inputs and outputs on a time frame as
[k—N,k-1]:
Xy = Axlivxk—N +VINY,

_ _ (27)
Yickn = UN)x,_ + T(N)uk—1,k—N

where
_ T
Ueajn = [U,L Uy, Uy_y ]
- _T,7 T T
Yiakn = |:ka1 Vi Yien j|
VIN)=[B, A, A8, ]
UN)=[(CAY (A . T
[0 CB, CA,B, cA¥g, |
0 0 (B, CAl”B,
Tn=: @ :
0 0 CB,
0 o0 0 |

and N =max(p,.p,) is a measure of observability, where p, is a minimum value that may be used to create U(p,)
full column rank, and p, is the smallest number that can create V(p,) full row rank. Here we observe a lemma on
the uniqueness of state reconstruction.

Lemma 1. The recorded inputs and outputs sequences are employed to correctly ascertain the system state for a
specific controllable and observable system (20) - (21):

x, =0z, (28)
Where

M, =V(N)~M,T(N), M, =AYU"(N), ©=[M, M,], 2, =[G, Tiyw] €R?,and g=N[dim(u)+dim(y)]
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It is now possible to develop the online output feedback learning method for linear discrete system (20)-(21) based
on (25)-(26).
Xy =Aij +Bd(Kjxk +uk) (29)

where A, = A, —B K . Based on (25) and (29) and using K| = K,® and F_’j =0'PO, itfollows
szHIszk+1 —z,fﬁjzk =g, vec(ﬁ} )+ @ vec(ﬁf ) —(ykTka + z,fl?j.TRl?jzk ) (30)

in which [} =B}PB,, H; =B]P,A,0, ¢ =u] ®u] —(z] ®2] (K] ®K] ), ¢ =2[ (2 ® 2] (1, ®K] ) +(z] ® [ ) .

From adaptive theory of control is introduced this presumption of the persistent excitation [13]. Hence, K ., can be

j+
calculated as

= g1\ g2

K.=(R+H) H; (31
In this case, policy evaluation (30) is utilized to solve :31 in a unique way, and policy improvement (31) isimplemented

for updating control gain I?M.

5. RESULTS OF SIMULATIONS

In the following section, we simulate the mobile robot to demonstrate how efficient the output feedback ADP control
method is in situations when the states are not measurable and the matrices of the system are unknown. We esti-
mated the best control gain and performance index for the discrete-time system using iterative computations. Addi-
tionally, a zero-order holder is used to apply the control strategy for discrete systems to the continuous plant. Em-
ployed the sampling timeis h=0.1s.

Robot parameters which are used in simulations are: M=22kg, m=0.41kg, R=0.105m, D=0.44m, L=0.29m,

2 _ 2 _ -3 2
J,=0.3384kgm*, J, =0.62kgm", J,=2.39-10"kgm".

Weight matrices Q and R are unit matrices, while for learning purposes, in a period of 4 s, optimal exploration noise
in the form of sums of sinusoids was used:

6
e,(t)=> sinw, (1) (32)
j=1
where the optimal frequencies for both inputs are

-4.65 1544 1790 4451 20.92 —38.06} (33)

=
39.09 -16.58 19.87 -30.21 —46.94 24.40

Also, in simulations, it was determined that the state vector's original value is x, =[O.1 0.1 0.1 0.1 0.1 O.1]T,
while the convergence threshold is £ =107 . In this case, the observability index is N =6 . The input and output data
are gathered from 0.8 to 4 seconds, with the Pl initiating at t =4s. Throughout the entire process, the input and

output information is gathered online, and the adaptive optimal controller is calculated in an iterative manner. We
find estimated optimum values after seven iterations, which are displayed below:

[ 1.60310° 5348107  2.059-10' 6.339 —-6.122 36221072 |
5349107 7.567-10> 1.231107"  1.373107" 3454107 4.666-10*
P - 2.05910'" 1.232107"  3.16910' —1.104-10"" 9615 3.17310°° (34)
6339  1.373107 -1.10510"" 4,605 -6.785107" —2.422-10°°
-6.121  3.45310" 9.625 -6.785107"  2.44110' 2218107
1362210 466610  3.173107° —2.42410° 222110° 5734107 |

— | -341310" -6.281107 -9.496-10° 4.11410" -3.77210" -9.278-10*
1.975 1176107 1655107  2.696-10" 9.821107  9.339107*

The inputs and outputs of the robot controlled by the ADP-based controller are shown in Fig. 2.
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Figure 2: Input and output signals of the robot
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Figure 3 shows the change in the state vector norm over time, while Figure 4 shows the state trajectories of the mobile
robot. From these figures it can be seen that the states converge to the equilibrium state quickly after the controller

is updated.
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Figure 4: Trajectory of states
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Fig. 5 shows the convergence of the approximate values of the matrices 13] and I?j in direction of the optimal values

P and K", respectively.

12
—— A =P | ] —o— |K;—K"|
10 A
8 - 1.5 A
6 .
1.0 A
4 -
0.5
2 -
0 0.0 +
0 2 4 6 8 0 2 4 6 8
Iteration Iteration

Figure 5: Convergence of the approximated matrices .Bj and I?j

The distinction between the approximation and optimal value functions is seen in Figure 6. The exiguous difference
implies a good match between the approximate and optimal value functions. Figure 7 shows the difference between

the optimal and approximate control laws. Based on Figure 7, the approximate and optimal control laws practically
agree.

x1072 %106

lu™|? = Ju7]?

Figure 6: Difference between optimal Figure 7: Difference between the optimal
and approximate value function and approximate control law

6. CONCLUSIONS

This paper examines the design of an optimal controller based on adaptive dynamic programming (ADP) for a two-
wheeled, self-balancing mobile robot with entirely unidentified dynamics. The fundamental advantage of the pro-
vided control mechanism is that it avoids knowledge of the complete system's dynamics, which is critical in real-world
situations. An efficient strategy in these situations is the adaptive optimum control technique with sampled data,
which is based on a discrete model and output feedback. The online control strategy that is being given learns the
optimal control gain only by using measured input and output data. When it comes to control methods that involve
direct state measurement and several sensors, the reconstruction of states is quite useful. The simulation outcomes
indicate that the proposed control approach is valid and effective.
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